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5. Stability of first kind
Notation:we will say thatfeLP+4i
if - fitfe where feel th

Equipped with the Sobolav inequality we are

ready to prove

Thm (stability of first kind, d =3)
Let d = 3 and essume that

H =-+V with VE ((r)+2(IRY
Then E.- 0.

V
=

=maxb -V,0h
Proof--
Recoll the Sobola inequality in d=3:

I* fIIGIfll,
with a constantthe optimal constant
is in fact =(352)".
Recall

S4) =I SPYx+SUCskede. Thus
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We could now use Holders inequality

Ifgg =lf4p1Iglz + y=1

to obtain

- Wal IIV-Ils lys
then

<(4) Nts-IIV_1 Hy1= 0
when IIV-Is E.

(**

of course is notin "This is why we

need the 10 park to this end we claim that

there exists a constant 10 such that

h) = min (V) - -,0) s0

sotisfies Ihll =(*) (provedbelow- exercise)

LetV(x) =0, +2 with vetLP, o.EL*.
We have i
E4= Ty,Gl-) Ifelox +iSilesto
ARe

a Sv2Ie ox 14 + 2 44, h4))
+ T+1- Hello? T+1-Kallos-

-



Ercise
-min DVC - 1, 0), VEICO, VERY

then VE20 I exists a a such that Hills, E.

Solution: ht0
↓

Rull? -min (ra-osor=)
(IVaY-II)

V=

= I Vex" dX ->O os 12+-
IVI IIM Since VEL*

(indeed by monotone come. SHIMAEM( mr SIA( ⑮

What about other dimensions?

the sobolev inequality thatwe have

proved works in 1225 where sad in the

non-relativistic case. Thus we can consider

d 23, too.

Exercise
-

Derive stability of first kind for
non-veletivistic matter in 133.

sation
By the Soboler inequality for dI3
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In particular we have

SN_G(Ices* = (IKIt)
** (S41)

112 IR* iD

3 +1 =

17 =1 - 5 = =

g
=22

We can now repeat all steps from d=3 case

to conclude that

E. z-0 ifVEL*(I") +LPI"), de

↳overansionsrestin for are

Thm (Soboler's inequality in d =1,2)
->
-

of For any FGH'(R) we have

lifll III'le Ufllz

Furthermove

If( - f(y)) =llflz k-y!"-

(b) For eny FGLCIRY we have

C2plfp IDf12+lif Xpe[2,al



↳

etch of wor

(a) Assume f =I CR). Then

f=4fys-f
Thus
Ifes HIE' + Ifr8=Iff

C-S
->llfll= HI'lle lfl

One then uses a density argument since 1 is dense in H.

the other boundfollows from the tea that

Ifx- fy)) =18 ft) = (ja)"(sec)fle
↑ y y

this follows since iffell'(n => 1=c+fdie
Cobvious for smooth fats).

b) Let c (12). Then
↑

"Fer =be Elastonblast4+35412)"
1- 2

=1) If Call (e+cnll)ore)"Cruis
1122-

It"norm" I



where

24 + 2 =1 n =2.z ===21
↑

I =1- 2 =z =s

This implies S -de (D
112
: G+3521412) "

->HIFl? CHfI=> HElle clif

Using the Haussorft-Koung inequality Uftp life
for +=1,94t1, 2]. Since 1921 =p=C2,0).
For p

=2 itis obviously true.
....

casethe following theorem

thm (stability of matter in lower dimensions)

Let V =LR) + 10(i) in d=1 and

VE L*(R2) +20cre) in r=2. then

E.2-0.

↳of ation

we follow the argument for all. This time

we have



d=1
- SIVEl I4O =lIVs l4l

IR
end I?< H4Cel

=>S4) =CH4c18- LIV-1y 1413 - 0

Note that here resing the L* is not needed

but allows for more potentials.

d=2.
-

Since 12fll?Go lflp"-lift
=>E4?< I4l"-<- JIces/Incelox

ifV6L0=> tols p=
2 , ove

in VELit a

SIV leREISyersjis (SMPOSE
112 In

+ =1 ==1- is:is
1+S

=>
=
+0

4+0

So for $320 I P<r: 2p =a =E

Scr) IClyly -c- & Hy
we use the A-trich 10 to get the bound

Since then we can ad. 2 <C. ***


